A robust approach to recovery of shape from shading information is presented. Assuming uniform albedo and Lambertian surface for the imaging model, we first present methods for the estimation of illuminant direction and surface albedo. The illuminant azimuth is estimated by averaging local estimates. The illuminant elevation and surface albedo are estimated from image statistics. Using the estimated reflectance map parameters, we then compute the surface shape using a new procedure, which implements the smoothness constraint by enforcing the gradients of reconstructed intensity to be close to the gradients of the input image. Typical results on real images are given to illustrate the usefulness of our approach.
Introduction
Shape from shading (SFS) [l] refers to the process of reconstructing the 3-D shape of an object from its 2-D intensity image. In computer vision, SFS is implemented by first modeling the image brightness as a function of surface geometry and then reconstructing a surface which, under the given imaging model, generates an image close to the input image.
In this paper, we use the most commonly used Lambertian imaging model [2] : cos y -p cos r sin y -q sin r sin y
where 77 is the composite albedo, that includes factors such as strength of illumination and the reflectivity of the surface. For uniform illumination, 17 is *Partially supported by the National Science Foundation Under the Grant MIP-84-51010. is the unit vector for the illuminant difection, where T and y are the tilt and slant angles. L is constant for parallel illumination. uo is the bias brightness depending on background illumination, digitizer calibration, etc. Several algorithms [3, 4, 5 , 6, 71 are available for estimation of (T, y , 7) of (1). Most of the known illuminant direction estimators do not work well for complicated scenes and/or when the y of the illuminant is not small, due to inappropriate surface models assumed and the effects of self shadow not being accounted for. In this paper, we introduce a new reflectance map parameters estimator. In our method, r is estimated by averaging local estimates. y and 77 are solved from image statistics. The issue of self-shadowing is also addressed. A commonly used SFS approach is to formulate the SFS problem in a constrained optimization framework [7] . A typical cost function is [l, 7 , 8, 91 
where the second term is the regularization term often used to ensure the convergence of the iteration process. This term pushes the reconstruction towards a smooth surface. Although it helps to stabilize the minimization process, it has several drawbacks [lo] . A solution to this problem is to use an adaptive Lagrangian inultiplier to reduce oversmoothing along image boundaries [9] . Another solution is to let X gradually decrease as the iterations proceed [7] . In this paper, we introduce a new cost function which does not have the commonly used quadratic regularization term. Instead, we enforce the gradients of the reconstructed image to be close to the gradients of the input image. Using call.
culus of variations (111 and a linear approximation of the reflectance map [7] , an iterative scheme which simultaneously updates the slope and height maps is developed. The rest of this paper is organized as follows: Section 2 discusses our reflectance map parameter estimator. Section 3 presents the SFS algorithm. In Section 4 we present experimental results. The work is summarized in Section 5.
Estimation of Parameters

Image Model
Let the surface normal N' be represented by I ? = (cos a sin P, sin a sin p, cos P)
where a = a(z, y) and p = p(x, y) are the tilt and slant angles of the surface normal at ( x , y , t ( x , y ) ) . After substitution of (3) into ( I ) , the reflectance map can be rewritten as
r Estimate
Let us assume that for any point (z0, yo, t(x0, yo)), its neighbors can be locally approximated by a spherical patch:
where (a(z0, yo), b(xo, yo), c(xo, yo)) is the center of the sphere and r(zo,y0) is the radius of the sphere. sinycosT-c o s y t a n p c o s a N is the number of measured directions for s', and ZL and GL _are the I and y components of the local estimate. X can be solved using
It can be proved that [lO] and where F(y)= p ( p ) dp-
The illuminant azimuth can be estimated as
Estimation of y and 17
For estimating y and q, we use the statistical properties of a and P. For a general scene, the range of a could be [ 0 , 2~) . Since there is no preference for the tilt angle, an acceptable assumption regarding the distribution of a is
On the other hand, for the distribution of ,B, the effects of self occlusion and foreshortening should be considered. In 3-D space, it is equally possible for a surface patch to have a slant angle between 0 and a; but due to self occlusion only patches facing the camera can be LYith (12) we can consider the statistical moments of image intensity. Special care should be taken in regions where shadow is present. Here we only consider the case of self shadowing. For a pixel, if the incidence angle is greater than 7r/2, the pixel will not be illuminated and its brightness is zero. So the actual image intensity is
The first two moments of image intensities are Since f3(y) is a monotonically decreasing function of y, y can be uniquely solved from -Subsequently, 7 can be computed by
In our implementation of this method, we let y = 0" when 1 > f 3 ( 0 ) = 0.96191.
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Formulation
Once the reflectance map parameters are estimated, the possible surface is determined by the image intensity information. Traditionally, the requirement that reconstructed surface be consistent with observed image is enforced by the irradiance equation:
It seems that (13) has used all the information contained in the input image, but in iterative SFS algorithms, p and q are updated separately at each pixel. N o relationship among the neighboring pixels is enforced. So the quadratic smoothness term is used in (2) to enforce the reconstructed surface to be smoothly connected. Unfortunately, the quadratic smoothness term uniformly suppresses changes in surface shape, irrespective of changes in intensities. In areas, where image intensity changes rapidly, the corresponding surface part may not be smooth, and smoothing over this region should be reduced. This adaptive smoothing idea can be implemented efficiently by requiring the gradients of the reconstructed intensity to be equal to the gradients of the input image. By incorporating where
The last term in (15) comes from the integrability constraint [ll, 121, where 1. 1 is a weighting factor. Note that the commonly used quadratic smoothness term present in almost all published works has been dropped. Using calculus of variations, minimization of (14) is equivalent to solving the following Euler equations:
From (15), approximating the reflectance map around ( p , q ) by Taylor series expansion of up to first order terms, after some algebraic manipulations we obtain: where A is the determinant of the coefficient matrix, which is always positive as shown below So the iterative scheme is stable.
Implementation
A hierarchical implementation of the SFS algorithm is given below:
Step 1: Estimation of the reflectance map parameters (T, 7,779 'To).
Step 2: Normalization of the input image:
Reducing the input image size to that of the lowest resolution layer, and setting the values of P O , q o , and to to zeros.
Step 3: Updating the current shape reconstruction. If {(Solution is stable) OR (Iteration has reached N,,, of current layer)} continue to
6~ = (C1A22 -
Step 4, otherwise repeat Step 3.
Step 4: If {Current imageis in the highest resolution} stop; Otherwise {Interpolate current layer results to higher resolution image domain and go to
Step 3).
Experimental Results
To illustrate the usefulness of our reflectance map parameter estimator, we first tested the algorithm on a number of synthetic image sets. The synthetic images tested include: (1) spheres, (2) ellipses with the ratio of major axis (parallel to x-axis) to minor axis equals 2, (3) spheres with additive Gaussian noise, and (4) Mozart statue images synthesized from laser range data'. For each case, the test images were generated using 77 = 2 0 0 , = 0, and various combinations We next tested the above estimators on some real images. The results are listed in Table 1 , in which extensions ".r" , ".g" , ".b" , and ".w" stand for red, green, blue and black/white respectively. We found that the 7 and y estimated by our method are the best in terms of consistency between the results obtained from different color bands of the same image, images of different resolutions, subimages of a large scene, and stereo image pair. In the results given in Table 1 , we detect the intensity bias 60 by finding the minimum of the image intensity array and adjust the image intensities by subtracting this bias. Since for most images there are shadow pixels which have the value of the bias, this simple method works quite well. We tested our SFS algorithm on more than ten real images, and examined the SFS results using different illuminant directions. Due to space limitation, only two examples are presented here and the comparison on images generated from the SFS results using different illuminant directions are omitted. Extensive real image results are given in [IO].
ly.
Figure l(a) shows an input face image.
Summary
A practical solution to shape from shading (SFS) should include estimation of illuminant direction, surface albedo and reconstruction of shape using the estimated reflectance map parameters. In this paper we presented methods for estimating reflectance map parameters in a Lambertian imaging model. Tests on both synthetic and real images show that our estiniators are more robust and accurate than existing methods. We also introduce a new SFS procedure which implements the smoothness assumption by enforcing the gradients of the reconstructed intensity to be close to the gradients of the input image. Under this formulation, the commonly used quadratic smoothness terms are removed and the slope and height maps are updated simultaneously. A hierarchical implenientation of the SFS algorithm is presented. Encouraging results using real images are also presented. 
